Designing Dupin cyclides in micro and macro worlds
I nterconnection of physics and geometry is a hallmark of modern science. Focal conic domains (FCDs) in smectic liquid crystals, the subject of a PNAS article by Honglawan et al. (1) , represent a beautiful example of this relationship.
Early in the 20th century, Friedel and Grandjean (2) used a microscope to observe the intermediate states that appeared in some organic materials between a solid crystal and a regular fluid when the temperature was varied. The textures showed translucent regions with embedded dark lines. The lines were shaped as perfect ellipses and one-branch hyperbolae, as if diligently redrawn from a textbook on geometry. They appeared in pairs, situated in two orthogonal planes, in such a way that the apex of one partner was at the focus of the other. These shapes were all that Friedel needed to decipher the principal structural organization of the new state of matter that he called a "smectic" (3). With no X-ray diffraction data available, he predicted correctly that the smectic is formed by flexible molecular layers of constant thickness. Within each layer, the molecules are distributed at random, but align parallel to each other along the "director"n that is normal to the layers and is also the optic axis of material. The smectic is thus simultaneously a 2D fluid (within the layers) and a 1D solid (in the direction normal to the layers).
To understand the principle of space filling by a smectic, consider a smoothly bent single molecular layer S o . The layer's bend implies splay of the director ∝jdivnj. Let us use S 0 as a seed layer to build an entire family of layers S i that fill the 3D space, requiring that the distance between two neighboring layers, measured along the local normaln, is the same everywhere (Fig. 1A) . Each point of each layer is characterized by two principal radii of curvature, R 1 and R 2 . The loci of the corresponding centers of curvature, C 1 and C 2 , form two focal surfaces, F 1 and F 2 . The curvature of layers tends to infinity near C 1 and C 2 , which means that the smectic order at the focal surfaces cannot be sustained and must be broken (e.g., melted into an isotropic liquid). The energy associated with the broken order at focal surfaces is proportional to the areas of the surfaces. The simplest and most efficient way to reduce this energy is to transform the 2D focal surfaces into 1D focal lines (Fig. 1B) . Such a reduction is possible only for limited types of surfaces and focal lines. It was Dupin who discovered these special surfaces and called them cyclides (4) . The corresponding focal conics can be of three types: a pair of confocal ellipse and hyperbola, two parabolas, and a circle with a straight line passing through its center.
The nanometer-thin smectic layers cannot be seen directly under a microscope, but the elliptic-hyperbolic focal pairs are visible. First, they extend over distances of tens and hundreds of microns, serving as a frame for thousands of smectic layers folded as a single family of equidistant Dupin cyclides; Friedel (2) called the region of space framed by the confocal pairs an FCD. Second, the optic axisnðrÞ, connecting one focal line to the other, changes orientation from one location to another and diverges at the cores of focal conic defects, making them visible through deflection and scattering of light ( Fig. 1 C  and D) . Interestingly, Dupin cyclides were first analyzed in context of physics and optics by Maxwell (5) , who considered propagation of optical waves through an isotropic medium and stated that, if the light rays pass through two lines, these lines are parts of focal conics; the wave surfaces are equidistant Dupin cyclides to which the rays are normal. The liquid crystals were not known to Maxwell, although the first article describing a liquid crystalline behavior of cholesteryl chloride had already been published (6) .
To fill the 3D space, the Dupin cyclides in smectics should form multilamellar parallel surfaces within each FCD and somehow find a way to exit one FCD and enter another, avoiding serious problems such as focal surfaces. Theoretical description of 3D space filling with Dupin cyclides remains a formidable problem with important developments brought about by decades of studies (7) (8) (9) (10) . Experiments such as those described by Honglawan et al. (1) provide a rich supply of information on how the problem is solved by smectics.
The geometrical constructions above suggest that the 3D pattern of space filling with a smectic can be controlled by preprogrammed "seed" layers. If such an approach were practically feasible, it would be a nice example of a "bottom-up" selfassembly. In practice, researchers design the space filling patterns in smectics through modification of bounding surfaces. The principle is rooted in anisotropy of molecular interactions at interfaces that favor a certain surface orientation ofn. The phenomenon is called surface anchoring.
The surface anchoring can produce FCDs patterns in a number of ways. One can enclose the smectic by curved surfaces (11) (12) (13) or confine it between two flat surfaces with antagonistic surface anchoring, say, perpendicular and tangential (14, 15) (earlier works are reviewed in ref. 16 ). Honglawan et al. (1) propose an approach in which a tangentially anchored substrate has microscopic pillars and the top surface is left free, which sets up perpendicular anchoring. The pillars are created lithographically in a variety of shapes, from simple circular cylinders to triangular and "Y" shapes. They serve as topographical templates to induce and control hierarchical assemblies of FCDs. The geometry of FCDs and their arrays (e.g., eccentricity of individual FCDs, clustering behavior of FCD groups) can be varied in a broad range by modifying the geometry of pillars (e.g., their height, shape, or periodicity of placement) (1) .
Sometimes the symmetry of templated FCD families is different from the symmetry of pillar lattices.
The experimentally demonstrated ability to control the symmetry, location, and eccentricity of 3D smectic patterns through substrate topography is an important step forward not only in fundamental understanding of soft matter but also in potential practical applications, as the FCDs and their arrays can be used for controlled placement of colloidal particles (i.e., trapped at the cores of focal conic defects) and in manufacturing of superhydrophobic surfaces (as reviewed in refs. 17, 18) .
There are two main factors that determine the equilibrium 3D pattern of Dupin cyclides in smectics: layers' elasticity and anisotropic surface energy. Fig. 1D shows how small FCDs with high density of elastic distortions disappear when a smectic is cooled down and the layers become less flexible; the curved Dupin cyclides are replaced by flat layers. The analytical description of elastic deformations of FCDs pioneered by Kléman (19) is still developing, as only the simplest cases of isolated FCDs and grain boundaries relaxed by FCDs have been described analytically (9); more complex geometries such as those described by Honglawan et al. (1) Dupin cyclides are currently extensively studied in the area very different from soft matter physics, namely in computeraided geometrical design (CAGD) (refs. 22-25 and references therein). CAGD is driven by engineering applications in automotive, airplane, and other industries, and in architecture and art, in which curved surfaces are increasingly eliminating parallelepipeds of the past. The cyclides supply a rich variety of curved surfaces that are easy to handle in CAGD, as they are described by relatively simple algebraic equations of fourth order with intuitively clear parametrization, representing just the next complexity step after sphere, cylinder, cone, and torus. By yet another definition, Dupin cyclides are surfaces whose lines of curvature are circles. Therefore, their patches, cut along the curvature lines, can be used in, for example, blending intersecting objects, pipe joining, and architectural design of rationalized free forms. The two fields of research might find points of common interest beyond the classic works by Dupin (4) and Maxwell (5) . Soft matter research would definitely benefit from a rich database on algebraic and geometrical features of cyclides, and the engineering design might get inspired by the way smectics arrange multiple Dupin cyclides in 3D space. It might be an intriguing exercise to explore macroscale constructions in which the focal conics and straightn-lines that connect them [i.e., optic axis for Friedel (3) and wavevector for Maxwell (5)] serve as supporting frames for shells of Dupin cyclides made of different materials. As the cyclides are perpendicular ton everywhere, such tethering should enforce structural stability. Analytical description of elasticity and mechanical stability should be developed further for different physical realizations of Dupin cyclides [layers with no in-plane order are elastically different from layers with an in-plane order and from solid shells (26) ]. There is little doubt that Dupin cyclides will reveal to us new facets of singular beauty in micro and macro worlds for years to come.
